This paper contains a thorough investigation of the performance of electrically activated layered soft dielectric composite actuators under plane deformation. Noting that the activation can be induced controlling either the voltage or the surface charge, the overall behaviour of the system is obtained via homogenization at large strains taking either the macroscopic electric field or the macroscopic electric displacement field as independent electrical variable. The performance of a two-phase composite actuator compared to that of the homogeneous case is highlighted for few boundary-value problems and for different values of stiffness and permittivity ratios between constituents being significant for applications, where the soft matrix is reinforced by a relatively small volume fraction of a stiff and high-permittivity phase. For charge-controlled devices, it is shown that some composite layouts admit, on one hand, the occurrence of pull-in/snap-through instabilities that can be exploited to design release-actuated systems, on the other, the possibility of thickening at increasing surface charge density.
Introduction
A challenging research topic in the field of Dielectric Elastomer (DE) devices [1, 2] is the design and realization of effective composite materials, exhibiting improved actuation properties with respect to the classical homogeneous materials employed so far, namely acrylic elastomers and silicones [3, 4, 5, 6, 7, 8, 9, 10] . The goal achievement is still far as a consequence of the problems encountered in the control of the microstructure during the phase mixing. In general, despite an improved performance at low voltage, the heterogeneous material results to be weaker with respect to electric breakdown [8, 9] .
On the other hand, theoretical modelling of dielectric elastomer composites has been facing great advances in the last few years, showing that, in the small strain setting, suitably designed heterogeneous materials potentially reach the prescribed actuation strain as effect of a voltage much lower than the one required by homogeneous specimens [11] (more than one order of magnitude lower). In the more appropriate finite strain framework, the mathematical formulation of predicting models and the analysis of soft dielectric composites were considered only in few papers: deBotton et al. [12] provided the first analysis, briefly discussing the behaviour of laminates; Bertoldi and Gei [13] and Rudykh and deBotton [14] investigated in detail the homogenization and the micro-and macroscopic stability of layered composites adopting the electric displacement field as the independent electric variable. Recently, Ponte Castañeda and Siboni [15] developed a complete homogenization theory for soft dielectrics reinforced by high-permittivity particles.
The paper presents a complete analysis of the performance of rank-1 layered dielectric composites deforming nonlinearly under plane strain conditions, investigating the electromechanical response relevant to different boundary-value problems for several values of stiffness and permittivity ratios between phases, being meaningful towards applications, where the soft matrix is reinforced by a relatively small volume fraction of a stiff and high-permittivity material. This contribution extends that by deBotton et al. [12] , providing new insights on the macroscopic response of such composites in terms of the different types of electrical stimulation. As heterogeneous bodies invariably involve an internal microstructure, even though each phase behaves isotropically, the homogenized model results in an anisotropic constitutive equation. If anisotropy affects the dielectric properties, namely the relationship between the electric field and the polarization, the actuation induced in a capacitor-like device based on this material by controlling the voltage -thus setting the electric field-is different than that obtained assigning the electric charge on its two opposite sides [16] -thus setting the electric displacement field-, as the two vector fields are not aligned. This leads to different behaviours of the same system under the two types of actuation and then to a different macroscopic performance.
While, on one side, composite materials represent a promising way to improve the overall performance of soft dielectric actuators, on the other, they can be exploited in order to promote unconventional behaviors not arising in homogeneous systems, such as the occurrence of a snap-through effect along the electromechanical loading path, which turns out to be useful for the realization of release-actuated transducers, or the thickening effect shown by some layouts under charge-controlled actuation.
The paper is organized in five sections. In Sect. 2, the homogenization theory at finite strain for rank-1 layered composites is recalled and specialized to the two types of actuation analysed. In Sect. 3, the boundary-value problems taken into account to assess the behaviour of the heterogeneous devices are described, while in Sect. 4 the relevant results of our analysis are illustrated. Finally, conclusions are drawn in Sect. 5.
Electromechanics of laminated composites under plane strain conditions
The soft dielectric under investigation is a (rank-1) layered actuator obtained by repeating a unit cell consisting of two incompressible dielectric phases, a soft matrix with low dielectric constant and a stiff and high-permittivity phase, respectively denoted by 'b' and 'a', with a generic lamination angle θ. Assuming that the length scale of the microstructure is very small compared to the thickness of the actuator, the macroscopic behaviour of the system can be determined on the basis of the homogenization theory [15, 17, 18, 19] . If h 0a and h 0b represent the relevant phase thicknesses in the reference, stress-free configuration B 0 (see Fig. 1 ), the volume fractions are given by c a = h 0a / h 0a + h 0b and c b = 1 − c a , respectively. The body is deformed by external electromechanical loadings reaching the current configuration B. In a Lagrangian setting, with reference to the nonlinear theory of electroelasticity [20, 21, 22, 23] , electromechanical equilibrium (in absence of body forces and free-volume charge) of each phase along the deformation history, requires that 1
and, since the electric field is conservative, E 0 = −Grad φ 0 , where φ 0 (x 0 ) is the electrostatic potential. Continuity at all the internal interfaces between phases 'a' and 'b' is enforced imposing the following jumps
where [[f ]] = f a − f b and n 0 is the normal to the interface pointing toward 'b' that can be easily related to angle θ 0 . Note that in plane strain, the last condition (continuity of the tangential component of the electric field) can be also written as [[E 0 ]] · m 0 = 0, where m 0 is aligned with the interface and such that n 0 · m 0 = 0. As standard in the electroelastic theory of continua at finite strain, a set of equations similar to (1) can be directly formulated in the current configuration B. In this case the total (true) stress τ replaces S , while the electric field E and the electric displacement D take the place of E 0 and D 0 , respectively, as the following transformations hold true:
where J = det F = 1 as a consequence of incompressibility.
Here the heterogeneous actuator is conceived as a homogenized continuum, therefore its behaviour will be described on the basis of the macroscopic, 'average', quantities S av , F av , D 0av and E 0av , for which the governing equations (1) are still valid in all the points of the body.
For the geometry considered ( Fig. 1 ), the electric field outside the actuator vanishes and consequently, denoting byñ 0 the outward unit normal to the boundaries, the boundary conditions take the expression
Constitutive assumptions
The constitutive equations provide the key relationships between the external electric input and the electromechanical response of the material. It is assumed that each phase of the composite i) is hyperelastic, obeying a neo-Hookean stress-strain law and ii) behaves as an ideal dielectric, i.e. D = ǫE , where the dielectric constant (or permittivity) ǫ is independent of the deformation. On the other hand, as both voltage actuation and charge actuation are investigated, two free energies, both satisfying assumptions i) and ii), are introduced: the first assumes E 0 as independent electric variable [i.e. W e = W e (F , E 0 )], while the second adopts the electric displacement
. Therefore, the required expressions are
where µ is the shear modulus of the phase. We remark that (5) and (6) are different expressions for the same energy, as can be verified using (3) for incompressible materials and the proportionality between E and D. The need of introducing both forms arises in association with the different macroscopic behaviour induced by the two different actuation modalities taken into account. Thermodynamic arguments provide the following general expressions for the constitutive laws
where it is emphasized that the total stress is formally obtained in the same way for both approaches. For the free energies (5) and (6) the explicit form of (7) 1 turns out to be
which corresponds to the same total stress
Regardless of which formulation is adopted, the macroscopic free energy of the composite is obtained as the sum of the weighted energies for each phase, namely W av e,d = c a W a e,d + c b W b e,d and the macroscopic total stress and electric field can be obtained from W av e,d via constitutive equations
where, as indicated, all quantities with label 'av' are meant to be average over a representative volume of the composite. We point out that, on the basis of the homogenization procedure detailed below, an anisotropic macroscopic behaviour of the laminate is expected, both mechanically and electrically; the latter is evident in the Eulerian constitutive relationship D av = ǫ av E av , where matrix ǫ av depends on the properties of both phases, irrespective of the driving actuation.
Homogenized solution controlling the voltage
Under the assumption of a homogeneous response in each phase, the macroscopic deformation gradient F av and the average Lagrangian electric displacement E 0av are the weighted sum of those in each phase [12, 19] , namely
Interface compatibility (2) 1 , together with eq. (11) 1 provide
where α is a real parameter. On the other hand, (2) 4 requires that the jump in E 0 be along the direction normal to the layers, namely
whereβ is another real parameter. It follows from (11) 2 and (13) that
Quantities α andβ are obtained enforcing (2) 2,3 after the substitution of the constitutive laws (7) 1,3 . As both phases are described by the free energy (5), their expressions read:
Condition (2) 2 can be also used to evaluate the jump of the phase pressures p a and p b , yielding
Homogenized solution controlling the charge
A similar procedure can be followed for charge-controlled actuation, where the vector field D 0av is now imposed. Assuming
and (2) 3 , it turns out that
where β is a new real parameter. Employing again (12) , it follows from eqs. (17) 2 and (18) that
Quantities α and β are obtained enforcing (2) 2,4 and, for the extended neo-Hookean free energy (6), they take the expressions
that are equivalent to those calculated in [13, 14] . Within this approach, the pressure difference is
3 The boundary-value problems analysed
The behaviour of the heterogeneous actuator sketched in Fig. 1 is investigated for three different plane-strain boundary-value problems. As typical actuators mainly consist in very thin specimens, in all of them we disregard the edge effects concentrated along the boundary of the electrodes or related to a lack of homogeneity of the surface charge distribution. This means that we assume that the Lagrangian electric field E 0av is directed along x 0 2 . Moreover, in all the following problems, we fix the rigid-body motion of the finite deformation such that the two straight boundaries remain aligned with x 0 1 and the electric fields E 0av and E av = (F av ) −T E 0av act along the orthogonal direction, namely
where e 2 is the unit vector associated with x 0 2 . The scalar relationship between E 0av and E av depends on the macroscopic deformation gradient F av . In view of the dielectric anisotropy, the electric displacements, D 0av and D av , are not in general aligned with e 2 . Under voltage-controlled actuation, E 0av = ∆φ/h 0 , while when the charge is imposed,
For all the problems treated the transverse direction remains traction free, namely
a condition that allows the determination of the unknown pressure p av .
In the first boundary-value problem (henceforth denoted by 'bvp A'), we assume that the actuation will deform the specimen macroscopically such that the principal strain directions correspond to x 0 1 and x 0 2 or, alternatively, that F av admits the diagonal representation F av = diag[λ, 1/λ, 1], where λ is the longitudinal stretch. The electromechanical response (i.e., the laws λ-∆φ or λ-ω 0 ) can be determined imposing S av 11 = 0 (null average longitudinal traction). We note that the average shear stresses are not vanishing in this problem, nevertheless this deformation path is important for two reasons: i) taking into account the slenderness of real devices, it can be concluded that shear deformability does not play a major role in the estimation of the longitudinal stretch at moderate electrical excitation (as it will be clarified in the description of 'bvp B'); ii) the deformation adopted here is usually employed to investigate micro and macroscopic instabilities of laminates at finite strain [12, 13, 14, 19] .
In the second problem ('bvp B') (see Fig. 2 ), the device will deform macroscopically at vanishing tractions, namely we impose, in addition to eq. (22), S av 11 = 0 and S av 12 = 0 along the electric activation. Due to the intrinsic macroscopic mechanical anisotropy, the admissible deformation gradient is where ξ is the amount of shear related to the shear angle γ in the current configuration (tan γ = ξ). It is expected that at low voltage/charge the stretch λ will be very close to that computed in 'bvp A', while diverging at higher electrical excitations.
In the third problem ('bvp C'), the composite membrane, of length l 0 , is first prestretched (and clamped) longitudinally at λ = λ pre and then actuated applying the voltage or spraying the charge onto a limited portion of its boundaries (of length equal to λ pre a 0 ) in the intermediate configuration. This will subdivide the body in a central 'active' part and two lateral 'passive' zones. The current state of the actuator, namely the axial stretches inside the two portions, λ act and λ pas , can be calculated enforcing the invariancy of the total length and the continuity of the axial force at the interface between active and passive zones. This is formalized by the system
where, upon substitution of the constitutive equations providing the expressions for S av,act 11 , S av,pas 11 , the unknowns turn out to be λ act and λ pas . This configuration was considered for homogeneous problems in [24, 25] to analyse the properties of a periodic electrically-tunable bending-waveguide and in [25] to investigate the stability of a prestretched DE actuator. Fig. 1 . The plots show that the performance enhancement of the heterogeneous actuator compared with the homogeneous case (where the device is exclusively composed of the soft polymer 'b') could be remarkable especially at low stretches (i.e. the composite can reach the same stretch λ at lower voltage). The upper limit of the stretch range where this occurs mainly depends on the initial angle θ 0 , that is usually chosen in the range [60 • , 90 • ] in order to exploit, along the deformation, the benefit ensuing from the finite rotation of the stiff phase. When the current inclination reaches θ ≈ 45 • (simple geometrical considerations show that tan θ = tan θ 0 /λ 2 ), a strong stiffening in the actuation response takes place, as it becomes more and more difficult to longitudinally stretch the stiff phase beyond this limit. In the figure, θ 0 assumes the values of θ 0 = 65 • and 75 • . Even for the most favourable layer inclinations, when ratios m and r coincide, the performance improvement of the composite is very poor, while it is definitely remarkable when r is one order of magnitude higher than m.
In Fig. 4 , the deformation arising in 'bvp B' is reported. As for the longitudinal stretch, the same considerations illustrated above for 'bvp A' still hold true, with an even worse performance of the composite in the case where m and r are coincident. On the other hand, this increased longitudinal stiffness of the heterogeneous material is as- sociated with the occurrence of shear deformations, which evolve very remarkably with the voltage as shown in Fig. 4b : beyond a sort of threshold in voltage, which depends on the ratios m and r of the two phases, the shear angle exhibits large increments for small voltage increments, growing almost unboundedly. It also appears that the lower the disparity of the two phases involved, the stiffer is the composite with respect to shearing, tending to the limit case of the homogeneous material, for which γ = 0, whatever voltage is applied. In order to conceive actuators based on shear, it is also interesting to investigate the dependence of the attainable shear angles onto the fiber inclination, as pictured in Fig. 5 . It appears that the behaviour of the composite is strongly influenced by its geometry and, also in this context, angles θ 0 ≃ 60 • , 70 • demonstrate to be the most advantageous.
The actuation properties of the prestretched specimen described in 'bvp C' are illustrated in Fig. 6 where c b = 0.9, a 0 = 0.3l 0 and the contrast parameters m and r both assume the representative value of 50. The specimen is prestretched at λ pre = 1.2 (reaching a configuration where θ = 60.77 • , 72.18 • for θ • = 65 • , 75 • , respectively) and then actuated by application of a voltage to the active part, that shrinks and elongates, while the remaining passive portion contracts longitudinally with a consequent decreasing of the axial tensile stress. The comparison with the homogeneous case shows that for 60 • < θ • < 85 • the composite behaves more efficiently, displaying higher stretches λ act up to the occurrence of the 'loss of tension' of the passive part of the actuator.
Charge-controlled actuation
Under charge-controlled actuation, we have never found an improvement of the macroscopic response in terms of stretch with respect to the homogeneous case. An example can be found in Fig. 7a , where it is clear that the response of the composite (the axial stretch λ) at the same charge (ω 0 = ω 0 / µ b ǫ b ) is worse than that of the homogeneous actuator. In any case, our aim is to show that such kind of actuation may induce interesting properties that can be exploited for the design of new type of actuators.
Comparing the plots a) and b) in Fig. 7 , it can be noted that for some combinations of the constitutive parameters, the overall response is very sensitive to the layering angle θ 0 , as plot b) is quite different from plot a), despite the small difference between the two angles (respectively, θ 0 = 30 • and 20 • ). For values of the contrast parameter higher than 80, the curves display a peak at low stretch, indicating the possibility of a snap-through instability triggered by pull-in. We highlight that a similar behaviour is not possible for the homogeneous material (6) under plane deformations and therefore it represents a peculiar feature of the composite, that can be in principle exploited to design releasedactuated systems.
When shear deformation is not constrained, as for 'bvp B', an overall behaviour as the one sketched in Fig. 8 has been found for θ 0 = 65 • , where the dimensionless charge density has been plotted versus the shear angle for different values of the contrast parameters. In this context it seems that in order to reach high shear angles, while keeping the charge densites limited, the disparity of the two phases should be contained. Another interesting example is provided by the possibility of conceiving a system able to increase its thickness at an increasing surface charge. This is shown in Fig. 9 , where for quite high-contrast parameters (m = r = 150) and for the range 12.5 • < θ 0 < 42 • the longitudinal stretch will diminish at different rate as a function ofω 0 . 
Overall plane strain states for traction-free actuators
For a composite material undergoing plane strain deformation in the presence of a shear ('bvp B'), the overall deformation states which are achievable on the basis of an electric actuation have been collected in part a) of Fig. 10 for different values of the layer inclination θ 0 . Interestingly, the deformation states only depend on the geometry and the constitutive properties of phases, thus representing an intrinsic property of the composite material. In fact, no dependence has been highlighted on the way the electric actuation is generated, as both voltage and charge control lead to the same solution, which are indistinguishable in part a) of Fig. 10 . The part b) of the same figure pictures two possible deformed configurations starting from the same reference configuration, relevant to a material with layer inclination θ 0 = 65 • and contrast ratios m = r = 100. Each configuration can be reached through both a voltage and a charge actuation for the indicated values of the controlled variable.
Conclusions
The overall electromechanical performance of rank-1 bi-layered soft dielectric composite actuators deforming in plane strain is analysed for different boundary-value problems and for material parameters meaningful for applications. As mechanical and dielectric anisotropies are induced by the internal microstructure, the actuation applying voltage provides, in general, a different response compared to that where surface charge is controlled. For this reason, the homogenization problems where the electric displacement and the electric field are the independent variables are both solved.
For voltage-controlled systems, the composite displays higher actuation strains than those of a homogeneous material mainly for configurations allowing to exploit the finite rotations of the stiff and high-permittivity phase. As an additional consequence of anisotropy, when the laminate is free to deform in the absence of shear stresses, a shear deformation appears developing in a strongly nonlinear way, depending on the initial inclination of layers. Interestingly, the deformation states of this mode depend only on the geometry and the constitutive properties of phases, thus representing an intrinsic property of the composite material.
Under charge-controlled devices, the single-lamination layout proved not to be able to display enhanced actuation properties in terms of longitudinal stretch. However, for some combinations of the material parameters, some peculiar phenomena may appear, such as snap-through instabilities and thickening effects which can be usefully exploited in the realization of release-actuated transducers and thickness-mode devices, respectively.
